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Let f/ be a 2n-periodic function integrable on [—x,n]. For o> — I, the Cesaro
means of order o of the Fourier series of f* are defined by

/fx—HK“()d

where
r 1 in(k + 1)t
G AP0, =t o =T
Ar & I'n+ DI(ax+1) 2sin 5t
Define
R(f,x) Z ok (/) (x) = a1 (/) (X)].
k=n+1

The following result was presented in [1]:

Theorem HB. Let xe€(0,7] and f a 2n-periodic function of bounded variation on
[—n, 7). Then, for 0.>0 and n>=2, we have

s do I~ =
Rn(fax)gE Z Vé(@v)v

k=1
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where
o () =f(x+0)+f(x—1) = f(x+0) = f(x—-0)

and V2(f) denotes the total variation of f on [a,b].
But this is incorrect when 0 <o < 1. Our result is the following theorem.

Theorem. Suppose 0<a<1, x€[0,n] and f is a 2n-periodic function of bounded
variation on [—n,7|. Then for n>=2
" 100 <, 0
RUf,x)< 2 > K7 V(o)
n* =
and there exists a 2m-periodic function f* of bounded variation on [—r, | and a point
x€l0,n] such that

1

R*(1* a—11/% ‘ >8).
n(f ’X)>20000(Xn°‘ ;k VO((p\) (l’l 8)

We need two lemmas.

Lemma 1. Let 0<a<1. Define
cos[(n +%)t —5a]

vi(t) = KX(t) — K¥ () - ——=——=— 0<t<m.

))n() n() nfl() AZ(ZSIH%)O( < n
Then for T<t<m, n=2

160
)] <———.

(0] )
Proof. It follows from formula (5.15) of [2, p. 95] that

K1) = Di(0) + EX(1) (0<i<n),

where
1 sin[(n + 4%)r — Zy
D) = SRS
AL (2sin)
i(n+3)t 0 —i(v+1)t 1
e'\"ts e o
EXt) = —R ————— A3 - .
n() {Az(2 sin %) v;rl v e”} +n—|— 1 (2sin %)2
Since
cos[(n+%)t — 2 sinf(n + %=1y — =
D — (o) = S+ DB sinl(n 250 %)

nfl( ) = Aizl(2 sin %)“ B nA (2 sin %)aH
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we have
o sin[(n + %)t -
'))Z(t) - nAZ(2 sin%)oﬁ-l +EZ(I) _EZ—I([)
Hence
o
7 (D)l +|E, (1) — E;_, (7). (2)

<. -
= nA%(2 sin %)“H

A straightforward calculation gives

it

Ea(l) B (Z) =R e:? zw: A‘f;}% _ A?:lern efivt
" n-l 2sin{(1 — e i) A% A2

Then we obtain
1 o 2ol — zx))
EXt)— E* (1)< -+ :
|E, () 1 (0] (2sin£)2<n2 13 sin §
3

2(2nsin£)**!

Substituting (3) into (2) and noticing ﬁsn*"‘ (when O0<a<1) we get (1). O

Lemma 2. Let 0<oa< 1. Define
t
gi(1) = /O [K2(0) — K2, (0)) db.

Then
54t, O<t<m,

oct <
9,0l 400 e, T oien
n

Proof. By the definition of K*(z) we easily obtain

al(n+1) i (n — k)T (o0 + k)

K0 = K OIS 4 v 22 Tt 1)

<54.
k=1

This shows
FAGIES /OI IK*(0) — K, (0)| d0<541 (0<t<n).
We have
= [ "[K2(0) — K2, (0)]dO = —1,(r) — / y2(0) do, (4)
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where 7% is defined in Lemma 1 and

1 [Tcos[(n+%)0 —3a]
1,(1) _A_f;/, B Siflz) 22 do.

Integrating by parts we derive

1 2 T cosd 1 241
L(1)]< . ‘+/m 2 __do )< —Z_. (5
11:(0) (n+%)Az ((2 sing)” * J; (2sin9)** ) (n+%) Az (2sin$)” )

By (4) and (5), applying Lemma 1 we get

40 v
|gZ(l)|<m When ;<I<TC. [

Proof of the Theorem. We have
0. 1 - " o
(5 =1 > | [ edndg
j7n+1 0

/ G0 dVi(0,) = - (R + Ry),
/n+1

1 0
:EZ

Jj=n+1

/0 ") den (1)

where
0 T
R = / 0| dVie). Ra= Y- [ lai]avie,)
k=n+1 k=n+1 Y%
By Lemma 2 we have
pra - s
R, <54 /0 > trop (1) dVi(e,) <54n / dVi(p,) = 54nVi (o,),
k=n+1

where () denotes the characteristic function of (a,b). Also by Lemma 2 we have

40 °0 40 & [
R, < — dV, dV
2 k=nt1 [ ket o(9s - n+l</ / >ka+lﬂ (2

k

40 n+l
/ Z koc+l Z dVO / Z konrl 2 dVO( )

w1 k=n+1

40( = 1 [T
< ?(VSH((/)Y) +_/ [_deO((px)>
40 5 1
oc2<V Z / —dVi(e )

= k+1
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Combining the estimates for R’ and R}, we obtain
100 1 -1 z
RSS2 > KVl (n22),
k=1

On the other hand, the function

o T—X
f* (x) _ Z Slnkkx _

k=1 0 when x =0

when 0<x<2m,

gives the second conclusion of the Theorem at point x =7. [
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