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Let f be a 2p-periodic function integrable on ½�p; p�: For a4� 1; the Cesàro
means of order a of the Fourier series of f are defined by

sanð f ÞðxÞ ¼ 1

p

Z p

�p
f ðx þ tÞKa

n ðtÞ dt;

where

Ka
n ðtÞ ¼

1

Aa
n

Xn

k¼0

Aa�1
n�kDkðtÞ; Aa

n ¼ Gðn þ aþ 1Þ
Gðn þ 1ÞGðaþ 1Þ; DkðtÞ ¼

sinðk þ 1
2
Þt

2 sin 1
2
t

:

Define

Ra
nð f ; xÞ ¼

XN
k¼nþ1

jsakð f ÞðxÞ � sak�1ð f ÞðxÞj:

The following result was presented in [1]:

Theorem HB. Let xA½0; p� and f a 2p-periodic function of bounded variation on

½�p; p�: Then, for a40 and nX2; we have

Ra
nð f ; xÞp4a

np

Xn

k¼1

V
p
k

0ðjxÞ;
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where

jxðtÞ :¼ f ðx þ tÞ þ f ðx � tÞ � f ðx þ 0Þ � f ðx � 0Þ

and Vb
a ð f Þ denotes the total variation of f on ½a; b�:

But this is incorrect when 0oao1: Our result is the following theorem.

Theorem. Suppose 0oao1; xA½0; p� and f is a 2p-periodic function of bounded

variation on ½�p; p�: Then for nX2

Ra
nð f ; xÞp 100

a2na

Xn

k¼1

ka�1V
p
k

0ðjxÞ;

and there exists a 2p-periodic function f � of bounded variation on ½�p; p� and a point

xA½0; p� such that

Ra
nð f �; xÞ4 1

20000ana

Xn

k¼1

ka�1V
p
k

0ðjxÞ ðnX8Þ:

We need two lemmas.

Lemma 1. Let 0oao1: Define

ganðtÞ ¼ Ka
n ðtÞ � Ka

n�1ðtÞ �
cos½ðn þ a

2
Þt � p

2
a�

Aa
nð2 sin t

2
Þa 0otpp:

Then for p
n
ptpp; nX2

jganðtÞjp
16a

ðntÞaþ1
: ð1Þ

Proof. It follows from formula (5.15) of [2, p. 95] that

Ka
n ðtÞ ¼ Da

nðtÞ þ Ea
nðtÞ ð0otppÞ;

where

Da
nðtÞ :¼

1

Aa
n

sin½ðn þ 1þa
2
Þt � p

2
a�

ð2 sin t
2
Þaþ1

;

Ea
nðtÞ :¼ �R

eiðnþ1
2Þt

Aa
nð2 sin t

2
Þ
XN
n¼nþ1

Aa�2
nþ1

e�iðnþ1Þt

1� e�it

( )
þ a

n þ 1

1

ð2 sin t
2
Þ2
:

Since

Da
nðtÞ � Da

n�1ðtÞ ¼
cos½ðn þ a

2Þt � pa
2 �

Aa
nð2 sin t

2
Þa �

a sin½ðn þ a�1
2 Þt � pa

2 �
nAa

nð2 sin t
2
Þaþ1

;
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we have

ganðtÞ ¼ �
a sin½ðn þ a�1

2
Þt � pa

2
�

nAa
nð2 sin t

2
Þaþ1

þ Ea
nðtÞ � Ea

n�1ðtÞ:

Hence

jganðtÞjp
a

nAa
nð2 sin t

2
Þaþ1

þ jEa
nðtÞ � Ea

n�1ðtÞj: ð2Þ

A straightforward calculation gives

Ea
nðtÞ � Ea

n�1ðtÞ ¼R
e�

it
2

2 sin t
2
ð1� e�itÞ

XN
n¼1

Aa�2
nþn

Aa
n�1

�
Aa�2

nþ1þn

Aa
n

� �
e�int

( )

� a
nðn þ 1Þ

1

ð2 sin t
2
Þ2
:

Then we obtain

jEa
nðtÞ � Ea

n�1ðtÞjp
1

ð2 sin t
2
Þ2

a
n2

þ 2að1� aÞ
n3 sin t

2

� �

o
3a

2ð2n sin t
2
Þaþ1

p
n
ptpp

� �
: ð3Þ

Substituting (3) into (2) and noticing 1
Aa

n
pn�a (when 0oao1) we get (1). &

Lemma 2. Let 0oao1: Define

ga
nðtÞ :¼

Z t

0

½Ka
n ðyÞ � Ka

n�1ðyÞ� dy:

Then

jga
nðtÞjp

54t; 0otop;

40a�1n�a�1t�a;
p
n
otop:

8<
:

Proof. By the definition of Ka
n ðtÞ we easily obtain

jKa
n ðtÞ � Ka

n�1ðtÞjp1þ aGðn þ 1Þ
Gðaþ n þ 1Þ

Xn�1

k¼1

ðn � kÞGðaþ kÞ
Gðk þ 1Þ p54:

This shows

jga
nðtÞjp

Z t

0

jKa
n ðyÞ � Ka

n�1ðyÞj dyp54 t ð0otopÞ:

We have

ga
nðtÞ ¼ �

Z p

t

½Ka
n ðyÞ � Ka

n�1ðyÞ� dy ¼ �InðtÞ �
Z p

t

ganðyÞ dy; ð4Þ
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where gan is defined in Lemma 1 and

InðtÞ ¼
1

Aa
n

Z p

t

cos½ðn þ a
2Þy� p

2a�
ð2 sin y

2
Þa

dy:

Integrating by parts we derive

jInðtÞjp
1

ðn þ a
2
ÞAa

n

2

ð2 sin t
2
Þa þ

Z p

t

cos y
2

ð2 sin y
2
Þaþ1

dy

 !
o

1

ðn þ a
2
ÞAa

n

2þ 1
a

ð2 sin t
2
Þa: ð5Þ

By (4) and (5), applying Lemma 1 we get

jga
nðtÞjp

40

anaþ1ta
when

p
n
otop: &

Proof of the Theorem. We have

Ra
nð f ; xÞ ¼ 1

p

XN
j¼nþ1

Z p

0

jxðtÞ dga
j ðtÞ

����
���� ¼ 1

p

XN
j¼nþ1

Z p

0

ga
j ðtÞ djxðtÞ

����
����

p
1

p

XN
j¼nþ1

Z p

0

jga
j ðtÞj dVt

0ðjxÞ ¼:
1

p
ðRa

n1 þ Ra
n2Þ;

where

Ra
n1 ¼

XN
k¼nþ1

Z p
k

0

jga
kðtÞj dV t

0ðjxÞ; Ra
n2 ¼

XN
k¼nþ1

Z p

p
k

jga
kðtÞj dV t

0ðjxÞ:

By Lemma 2 we have

Ra
n1p54

Z p
nþ1

0

XN
k¼nþ1

twð0;p
k
ÞðtÞ dV t

0ðjxÞp54p
Z p

nþ1

0

dV t
0ðjxÞ ¼ 54pV

p
nþ1

0 ðjxÞ;

where wða;bÞ denotes the characteristic function of ða; bÞ: Also by Lemma 2 we have

Ra
n2p

40

a

XN
k¼nþ1

Z p

p
k

1

kaþ1ta
dVt

0ðjxÞ ¼
40

a
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¼ 40
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k¼nþ1

1

kaþ1ta
dVt

0ðjxÞ
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1
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p
40

a2
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p
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1
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Z p
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1
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¼ 40
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 !
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120
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Xn
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Combining the estimates for Ra
n1 and Ra

n2 we obtain

Ra
nð f ; xÞp 100

a2na

Xn

k¼1

ka�1V
p
k

0ðjxÞ ðnX2Þ:

On the other hand, the function

f �ðxÞ ¼
XN
k¼1

sin kx

k
¼

p� x

2
when 0oxo2p;

0 when x ¼ 0

8<
:

gives the second conclusion of the Theorem at point x ¼ p
2
: &
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